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geneous and nonhomogeneous advection problems. The properties of Legendre wavelets are used to
reduce the problem to the solution of system of algebraic equations. The function approximation
has been chosen in such a way so as to calculate the connection coefﬁcients in an easy manner. Also
the convergence analysis and error estimation for the proposed function approximation through the
truncated series have been discussed and approved with the exact solution. Illustrative examples are
discussed to demonstrate the validity and applicability of the technique.
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Nonlinear phenomena have important effects on applied
mathematics, physics and issues related to engineering. Many
such physical phenomena are modeled in terms of nonlinear
partial differential equations, one of the examples are the
advection problems, which are of the form
ut þ uux ¼ fðx; tÞ; uðx; 0Þ ¼ gðxÞ; ð1Þ264101x108/304000x010; fax:
ail.com (S.G. Venkatesh),
y), srbala09@gmail.com (S.
Shams University.
g by Elsevier
y. Production and hosting by Elsev
08If f(x, t) = 0, Eq. (1) reduces to the homogeneous advection
model.
The nonlinear advection problem Eq. (1) arises in various
branches of physics, engineering and applied sciences. The
existence of nontrivial exact solutions is the question of phys-
ical interest. Such exact solutions are important because
numerical solutions may not identify the scientiﬁc phenome-
non under investigation. The importance of obtaining the ex-
act or approximate solution of nonlinear partial differential
equations in physics and mathematics is still a signiﬁcant prob-
lem that needs new methods to discover exact or approximate
solution. Most new nonlinear equations do not have a precise
analytic solution; so, numerical methods have largely been
used to handle these equations. Also other analytic techniques
are available for handling nonlinear equations. Some of the
classic analytic methods are Lyapunov’s artiﬁcial small param-
eter method [1], perturbation techniques [2–4], d expansion
method [5] and Hirota bilinear method [6,7].
Recently, many authors have paid attention to study the
solutions of nonlinear partial differential equations by usingier B.V. All rights reserved.
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tion method (ADM) [8], He’s semi-inverse method [9], the tanh
method, the homotopy perturbation method (HPM), the
sinh–cosh method, the differential transform method and the
variational iteration method (VIM) [10–19]. Most of these
methods have their inbuilt deﬁciencies like the calculation of
Adomian’s polynomials, the Lagrange multiplier, divergent re-
sults and huge computational work. The Laplace transform is
totally incapable of handling nonlinear equations because of
the difﬁculties that are caused by the nonlinear terms. Various
ways have been proposed recently to deal with these nonlinear-
ities such as the Adomian decomposition method [20] and the
Laplace decomposition algorithm [21–24].
In recent years, wavelets have found their place in many
applications such as signal processing, image processing, and
solution of many differential and integral equations. The main
characteristic of wavelets is its ability to convert the given dif-
ferential and integral equations to a system of linear or nonlin-
ear differential equations, which are then solved by existing
numerical methods. Many authors [25–28] have handled
Legendre wavelets by using operational matrices and without
using operational matrices for the solution of varieties of dif-
ferential and integral equations. Recently, Venkatesh et al.
[29–32] applied Legendre wavelets for the solution of initial va-
lue problems of Bratu-type, Higher order Volterra integro-dif-
ferential equations, Cauchy problems and they gave the
theoretical analysis of Legendre wavelets method for the solu-
tion of second kind Fredholm integral equations.
In the present article, we are concerned with the application
of Legendre wavelets to ﬁnd the approximate solution of Eq.
(1). The Legendre wavelet method (LWM) consists of reducing
the given integral equations to a system of simultaneous non-
linear equations. The properties of Legendre wavelets are uti-
lized to evaluate the unknown coefﬁcients and ﬁnd an
approximate solution to Eq. (1).
The organization of the paper is as follows: In Section 2, we
describe the basic formulation of wavelets and Legendre wave-
lets required for our subsequent development. Section 3 is de-
voted to the solution of Eq. (1) by using integral operator and
Legendre wavelets. In Section 4, we discuss the convergence
analysis and error estimation for the proposed function
approximation. The relation between truncation error and
LWM solution error has been discussed in Section 5. We re-
port our numerical ﬁnding and demonstrate the accuracy of
the proposed scheme by considering numerical examples in
Section 5. Concluding remarks are given in the ﬁnal section.
2. Properties of Legendre wavelets
2.1. Wavelets and Legendre wavelets
Wavelets constitute a family of functions constructed from
dilation and translation of a single function called the mother
wavelet. When the dilation parameter a and the translation
parameter b vary continuously, we have the following family
of continuous wavelets:
wa;bðtÞ ¼ jaj
1
2w
t b
a
 
; a; b 2 R; a–0:
If we restrict the parameters a and b to discrete values as
a ¼ ak0 , b= n b0 ak0 , a0 > 1, b0 > 0 and n, and k positive
integer, we have the following family of discrete wavelets:wk;nðtÞ ¼ jaj
1
2wðak0t nb0Þ where wk,n(t) form a basis of
L2(R).
In particular, when a0 = 2 and b0 = 1 then wk,n(t) forms an
orthonormal basis.
Legendre wavelets wnmðtÞ ¼ wðk; n^;m; tÞ have four argu-
ments: n^ ¼ 2n 1; n ¼ 1; 2; 3:::; 2k1, k can assume any positive
integer, m is the order of Legendre polynomials and t is the
normalized time. They are deﬁned on the interval [0,1) as
wnmðtÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mþ 1
2
q
2
k
2Pmð2kt n^Þ; for n^12k 6 t 6 n^þ12k
0; otherwise
(
ð2Þ
where m= 0, 1, 2, . . . ,M  1, n= 1, 2, 3, . . . , 2k1. The coef-
ﬁcient
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mþ 1
2
q
is for orthonormality, the dilation parameter is
a= 2k and translation parameter is
b ¼ n^2k:
Here Pm(t) are well-known Legendre polynomials of order
m which are deﬁned on the interval [1,1], and can be deter-
mined with the aid of the following recurrence formulae:
P0ðtÞ ¼ 1; P1ðtÞ ¼ t
Pmþ1ðtÞ ¼ 2mþ1mþ1
 
tPmðtÞ  mmþ1
 
Pm1ðtÞ; m ¼ 1; 2; 3; . . .2.2. Function approximation
A function u(x, t) deﬁned over [0,1) may be expanded as
uðx; tÞ ¼
X1
n¼1
X1
m¼0
cnmwnmðxÞ/nðtÞ ð3Þ
where /n(t) = t
n1 and Cnm ¼ ð2m 1Þ
R 1
0
R 1
0
uðx; tÞwnmðxÞ
/nðtÞdxdt
If the inﬁnite series in Eq. (3) is truncated, then it can be
written as
uðx; tÞ ﬃ
X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ ¼ CTwðxÞ/ðtÞ; ð4Þ
where C and wðtÞ are 2k1M · 1 matrices given by
C ¼ c10; c11; . . . c1M1; c20; . . . ; c2M1; . . . ; c2k10; . . . ; c2k1M1½ T;
ð5Þ
wðtÞ ¼ w10ðtÞ;w11ðtÞ; . . . ;w1M1ðtÞ;w20ðtÞ; . . . ;w2M1ðtÞ;½
. . . ;w2k10ðtÞ; . . . ;w2k1M1ðtÞT: ð6Þ3. Legendre wavelet schemes for homogeneous and
nonhomogeneous advection problems
Consider the advection problem ut + uux = f(x, t) given in Eq.
(1). Integrating Eq. (1) with respect to ‘t’ between 0 and t,Z t
0
utdtþ
Z t
0
uuxdt ¼
Z t
0
fðx; tÞdt
uðx; tÞ  uðx; 0Þ þ
Z t
0
uuxdt ¼
Z t
0
fðx; tÞdt
Legendre Wavelets based approximation method for solving advection problems 927uðx; tÞ ¼ uðx; 0Þ 
Z t
0
uuxdtþ
Z t
0
fðx; tÞdt ð7Þ
Let uðx; tÞ ¼
X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ ð8Þ
Eq. (8) becomes
X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ ¼ uðx; 0Þ

Z t
0
X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ
X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ
 !
x
dt
þ
Z t
0
fðx; tÞdt ð9Þ
We now collocate Eq. (9) at 2k1M points xi as
X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ ¼ uðx; 0Þ 
Z t
0
X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ

X2k1
n¼1
XM1
m¼0
cnmwnmðxÞ/nðtÞ
 !
x
dtþ
Z t
0
fðx; tÞdt ð10Þ
Eq. (10) gives a system of 2k1M equations, from which the
values of C can be identiﬁed.4. Convergence analysis
In this section, we will discuss the convergence analysis
and error estimation for the proposed function
approximation.
Theorem 4.1 (Convergence Theorem). A continuous function
u(x,t) with bounded second derivative say j @2u
@x2
j 6 a can be
expressed as in Eq. (3) and the truncated series given in Eq. (4)
converges towards the exact solution u(x,t).
Proof. Let L2(R) be the Hilbert space and let wk;nðtÞ ¼
jaj12wðak0t nb0Þ where wk,n(t) form a basis of L2(R). In partic-
ular, when a0 = 2 and b0 = 1, wk,n(t) forms an orthonormal
basis.
Let uðx; tÞ ¼P2k1n¼1PM1m¼0 cijwijðxÞ/iðtÞ where /i(t) = ti1
and
Cij ¼ ð2j 1Þ
Z 1
0
Z 1
0
uðx; tÞwijðxÞ/iðtÞdxdt
Consider Cij ¼ ð2j 1Þ
R 1
0
uðx; tÞwijðxÞdx
Here wijðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p Pið2kx 2iþ 1Þ where Pi’s are well
known Legendre Polynomials.
Cij ¼ uðx; tÞ2k12 ð2j 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p Pjþ1ðyÞ  Pj1ðyÞ
 				2k2iþ1
12i
 2k12
 ð2j 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p
Z 2k2iþ1
12i
Pjþ1ðyÞ  Pj1ðyÞ
  @u
@y
dy
2kCij ¼  2
k1
2
2k
ð2j 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p
Z 2k2iþ1
12i
Pjþ1ðyÞ  Pj1ðyÞ
  @u
@y
dy
Cij ¼ 2
k1
2
2k
ð2j 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p

Z 2k2iþ1
12i
Pjþ2ðyÞ  PjðyÞ
2jþ 3 
PjðyÞ  Pj2ðyÞ
2j 1

 
@2u
@y2
dy
Cij ¼ 2
ðkþ1Þ
2
ð2j 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p

Z 2k2iþ1
12i
Pjþ2ðyÞ  PjðyÞ
2jþ 3 
PjðyÞ  Pj2ðyÞ
2j 1

 
@2u
@y2
dy
jCijj ¼ 2
ðkþ1Þ
2
ð2j 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p
Z 2k2iþ1
12i
					
 Pjþ2ðyÞ  PjðyÞ
2jþ 3 
PjðyÞ  Pj2ðyÞ
2j 1

 
@2u
@y2
dy
				
jCijj 6 2
ðkþ1Þ
2
ð2j 1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p

Z 2k2iþ1
12i
Pjþ2ðyÞ  PjðyÞ
2jþ 3 
PjðyÞ  Pj2ðyÞ
2j 1

 				 				 @2u@y2
				 				dy
jCijj 6 2
ðkþ1Þ
2
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p ð2jþ 3Þ
Z 2k2iþ1
12i
jRiðyÞj @
2u
@y2
				 				dy ð11Þ
where Ri(y) = (2j 1)Pj+2(y) 2(2j+1)Pj(y) + (2j+3)Pj2(y)
Consider
Z 2k2iþ1
12i
jRiðyÞjdy
" #2
¼
"Z 2k2iþ1
12i
jð2j1ÞPjþ2ðyÞ2ð2jþ1Þ
PjðyÞþð2jþ3ÞPj2ðyÞjdy
#2
6
Z 2k2iþ1
12i
dx
 ! Z 2k2iþ1
12i
ð2j1Þ2P2jþ2ðyÞð4jþ2Þ2P2j ðyÞ
 
þ

2jþ3
2
P2j2ðyÞ
!
¼ð2kÞ ð2j1Þ2 2
k
2kðjþ2Þþ2i1
 

þ

4jþ2
2
2k
2kðjÞþ2i1
 
þð2jþ3Þ2 2
k
2kðj2Þþ2i1
 #
¼
 
2k
!
2kð2jþ3Þ2þ2kþ2ð2jþ3Þ2þ2kð2jþ3Þ2
2kðj2Þþ2i3
" #
¼ 2
k2k6ð2jþ3Þ2
2kðj2Þþ2i3
Hence
R 2k2iþ1
12i jRiðyÞjdy 6
ﬃﬃ
6
p
2kð2jþ3Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kðj2Þþ2i3
p
Hence Eq. (11) becomes
jCijj 6 2
ðkþ1Þ
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p
a
ﬃﬃﬃ
6
p
2kﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kðj 2Þ þ 2i 3
q Z 1
0
/iðtÞdt
jCijj 6 2
ðkþ1Þ
2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p
a
ﬃﬃﬃ
6
p
2kﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kðj 2Þ þ 2i 3
q 1
i
Table 1 Comparison of LWM solution (M= 7) with exact solution for Example 1.
x t LWM solution Exact Error Upper bound for the absolute error
0.25 0.2 0.312 0.312 7e04 3.12499
0.4 0.415 0.416 1e03 4.16649
0.6 0.607 0.625 1.8e02 6.22733
0.8 0.987 1.250 2.63e1 11.4263
0.50 0.2 0.624 0.625 1e03 6.25
0.4 0.831 0.833 2e03 8.33298
0.6 1.215 1.250 3.5e2 12.4547
0.8 1.975 2.500 5.25e2 22.8525
0.75 0.2 0.937 0.937 2e04 9.275
0.4 1.247 1.250 3e03 12.4995
0.6 1.822 1.875 5.3e2 18.682
0.8 2.963 3.750 7.87e1 34.2788
Table 2 Comparison of LWM solution (M= 5) with Exact solution for Example 2.
x t LWM solution for M= 5 Exact Error Upper bound for the absolute error
0.25 0.2 0.05116 0.05117 1e05 1.61e06
0.4 0.04183 0.04189 6e05 5.00e05
0.6 0.03400 0.03430 3e04 3.68e04
0.8 0.02716 0.02808 9.2e04 1.50e03
0.50 0.2 0.20466 0.20468 2e05 6.45e06
0.4 0.16733 0.16758 2.5e04 2.00e04
0.6 0.13600 0.13720 1.2e03 1.47e03
0.8 0.10866 0.11233 3.67e03 6.01e03
0.75 0.2 0.46050 0.46053 0.0552 1.45e05
0.4 0.37650 0.37705 5.5e04 4.50e04
0.6 0.30600 0.30870 2.7e03 3.31e03
0.8 0.24450 0.25274 8.24e03 1.35e02
928 S.G. Venkatesh et al.Hence
P1
i¼1
P1
j¼0Cij is absolutely convergent and thus the
expansion of the function given in Eq. (6) converges uniformly
[33]. h
Theorem 4.2 (Error estimation). Let u(x,t) be a function
deﬁned on [0,1) with bounded second derivative say @
2u
@x2
			 			 6 a
then we have the following accuracy estimation:
en 6 2
ðk1Þ
2 a
ﬃﬃﬃ
6
p X1
i¼2k
X1
j¼M
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2jþ 1p
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kðj 2Þ þ 2i 3
q 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð2i 1Þp
where en ¼
R 1
0
R 1
0
P1
i¼1
P1
j¼0CijwijðxÞ/iðtÞ 
P2k1
n¼1
PM1
m¼0 cij
h
wijðxÞ/iðtÞ2dxdtÞ
1
2
Proof.
e2n ¼
Z 1
0
Z 1
0
X1
i¼1
X1
j¼0
CijwijðxÞ/iðtÞ 
X2k1
n¼1
XM1
m¼0
cijwijðxÞ/iðtÞ
" #2
dxdt
e2n ¼
Z 1
0
Z 1
0
X1
i¼2k
X1
j¼M
C2ijw
2
ijðxÞ/2i ðtÞdxdt
6
X1
i¼2k
X1
j¼M
6a22ðkþ1Þ
ð2jþ 1Þ
22k
ð2kðj 2Þ þ 2i 3Þ
1
ð2i 1ÞHence we have, en 6 2
ðk1Þ
2 a
ﬃﬃﬃ
6
p P1
i¼2k
P1
j¼M
1ﬃﬃﬃﬃﬃﬃﬃ
2jþ1
p 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kðj 2Þ þ 2i 3
q
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2i1Þ
p . h5. Relating truncation error to the LWM solution error
Suppose we have a PDE of the form L(u) = f where is L the
continuous operator, u is the continuous solution to the
PDE, f and is the right-hand side (RHS) forcing. DeﬁnebLðu^Þ ¼ f^ where ð^ Þ denotes the LWM approximation to
L(u) = f and u^ is the discrete solution to the above equation.
If u and f are known, then a truncation error analysis of the
PDE operator L, can be carried out as bLðuÞ  f ¼ s^ where s^
is the truncation error. The truncation error analysis tells us
nothing about how u^ differs from u, discrete solution of u.
We can get an estimate of this error by bLðuÞ  bLðu^Þ ¼ s^. It
can be shown that ku u^k 6 cks^k. Thus s^ provides an upper
bound to the solution error, u u^, in terms of convergence
rate. If we show that the truncation error is OððDxÞmðDtÞnÞ,
where Dx and Dt are spacing values for x and t respectively,
m, n are some positive constants, then it is guaranteed that
LWM solution error ku^ u^k, will be at worst OððDxÞmðDtÞnÞ.
In the next section, we illustrate LWM based approximation
method for homogeneous and nonhomogeneous advection
problems [34,35]. The absolute error between exact and the
numerical solution has been discussed and it has been ap-
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.4
0.6
0.8
1
1.2
1.4
1.6
1.8
2
2.2
2.4
x
u
Figure 1 The solution in Example 4 at various time steps
(t= 0.2–1.0).
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truncation error.
6. Illustrative examples
In this section, we apply LWM to solve homogeneous and
nonhomogeneous advection problems to demonstrate the
validity of this method.
Example 1. We consider the homogeneous advection problem
[23]
ut þ uux ¼ 0; uðx; 0Þ ¼ x: ð12Þ
We solve Eq. (12) by LWM with K= 3; M= 4.
Integrating Eq. (12) with respect to ‘t’ and applying the
initial condition, we get uðx; tÞ ¼ x R t0 uuxdt.
Let uðx; tÞ ¼P4n¼1P3m¼0cnmwnmðxÞ/nðtÞ and solving we get
C10 ¼ 1
2
;C11 ¼ 1
2
ﬃﬃﬃ
3
p ;C12 ¼ 0C13 ¼ 0;C20 ¼ 3
4
ﬃﬃﬃ
2
p ;C21
¼ 1
4
ﬃﬃﬃ
6
p ;C22 ¼ 0;C23 ¼ 0
C30 ¼ 5
4
ﬃﬃﬃ
2
p ;C31 ¼ 1
4
ﬃﬃﬃ
6
p ;C32 ¼ 0;C33 ¼ 0;C40 ¼ 7
4
ﬃﬃﬃ
2
p ;C41
¼ 1
4
ﬃﬃﬃ
6
p ;C42 ¼ 0;C43 ¼ 0
Hence
uðx; tÞ ¼ ðC10w10 þ    þ C13w13Þ þ ðC20w20 þ    þ C23w23Þtþ
ðC30 w30 þ    þ C33w33Þt2 þ ðC40w40 þ    þ C43w43Þt3
uðx; tÞ ¼ xþ ðxÞtþ ðxÞt2 þ ðxÞt3
uðx; tÞ ¼ ðxÞ 1þ tþ t2 þ t3 
For larger values of M, we get the series with inﬁnite terms
uðx; tÞ ¼ ðxÞ 1þ tþ t2 þ t3 þ t4 þ     ¼ ðxÞ ð1 tÞ1h i
uðx; tÞ ¼ x
t 1
which is the exact solution and is in full agreement with the re-
sults given in [27].
The LWM solution has been compared with the exact
solution with the x values discretized by 0.25 units and t values
by 0.2 units. These results are depicted in the following Table 1
and column5 denotes the absolute error values and the last
column depicts the maximum absolute error value for each x
and t values. From Table 1, we observe that the maximum
absolute error value never exceeds the upper bounds for various
values of x and t.
Example 2. Consider the advection problem [33]
ut ¼ ux þ ð2x x2Þet; x > 0; t > 0 with ð13Þ
uðx; 0Þ ¼ x2; 0 < x 6 1 and
uð0; tÞ ¼ 0; 0 < t 6 1We solve Eq. (13) by LWM with K= 3; M= 4.
uðx; tÞ ¼ x2 1 tþ t2
2
 t3
6
 
and for larger values of M, the
solution in closed form u(x, t) = x2et, which is the exact
solution.
The LWM solution has been compared with the exact
solution with the x values discretized by 0.25 units and t values
by 0.2 units. These results are depicted in the following Table 2
and column 5 denotes the absolute error values and the last
column depicts the maximum absolute error value for each x
and t values. From Table 2, we observe that the maximum
absolute error value never exceeds the upper bounds for
various values of x and t.
Example 3. We consider the nonhomogeneous advection
problem [23]
ut þ uux ¼ 2tþ xþ t3 þ xt2; uðx; 0Þ ¼ 0 ð14Þ
We solve Eq. (14) by LWM for K= 3; M= 4.
Integrating Eq. (14) with respect to ‘t’ and applying the
initial condition, we get
uðx; tÞ ¼ 
Z t
0
uuxdtþ t2 þ xtþ t
4
4
þ xt
3
3
Let uðx; tÞ ¼P4n¼1P3m¼0cnmwnmðxÞ/nðtÞ and solving we get
C10 ¼ 0;C11 ¼ 0;C12 ¼ 0;C13 ¼ 0;C20 ¼ 3
4
ﬃﬃﬃ
2
p ;C21 ¼ 1
4
ﬃﬃﬃ
6
p ;
C22 ¼ 0;C23 ¼ 0
C30 ¼ 1ﬃﬃﬃ
2
p ;C31 ¼ 0;C32 ¼ 0;C33 ¼ 0;C40 ¼ 0;C41 ¼ 0;
C42 ¼ 0;C43 ¼ 0
Hence uðx; tÞ ¼ ðC10w10 þ    þ C13w13Þ þ ðC20w20 þ    þ C23
w23Þt þ ðC30w30 þ    þ C33w33Þt2 þ ðC40w40 þ    þ C43w43Þt3.
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1
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930 S.G. Venkatesh et al.Therefore, u(x, t) = t2 + xt, which is the exact solution given
in [27].
Example 4. Consider the following inhomogeneous advection
problem [33]
ut þ 1
2
ðu2Þx ¼ x; with uðx; 0Þ ¼ 2
The exact solution is u(x, t) = 2 secht + x tanht
In Fig. 1, the LWM solution has been represented for
various time steps.
Example 5. Consider the following inhomogeneous advection
problem [33]
ut ¼ ux  x2t; x > 0; t > 0 with0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.5
0.6
0.7
0.8
0.9
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x
u
Exact
Solution
LWM
Solution
Figure 3 The LWM and exact solutions of Example 7 at
t= 0.25.
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Figure 2 The LWM solution in Example 5 at various time steps
(t= 0.2–1.0).
Figure 4 Solution of Example 8 for various time steps.
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Figure 5 Solution of Example 8 for various time steps.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
x
u
Figure 6 Solution of Example 8 with u(x, 0) = sinpx at t= 1.
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Figure 7 Solution of Example 8 for various time steps.
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Figure 8 Solution of Example 8 with u(x, 0) = sinpx+ 0.5-
sin2px at t= 1.
Legendre Wavelets based approximation method for solving advection problems 931uðx; 0Þ ¼ 2 sinxþ x
4
12
; 0 < x 6 1 and
uð0; tÞ ¼ 2þ sint t
4
12
; 0 < t 6 1
The exact solution is uðx; tÞ ¼ 2 sinðx tÞ þ x4
12
 x3t
3
 ðxtÞ4
12
.
Fig. 2 shows the LWM solution for various time values.
Example 6. Consider the following inhomogeneous advection
problem [33]
ut þ uux ¼ 1 exðtþ exÞ; with uðx; 0Þ ¼ ex
The exact solution is u(x, t) = t+ ex. Fig. 3 depicts the com-
parison between LWM solution and the exact solution.
Example 7. Consider the following inhomogeneous advection
problem [33]
ut þ 1
2
ðu2Þx ¼ ex þ t2e2x; with uðx; 0Þ ¼ 0
The exact solution is u(x, t) = texExample 8. Consider the following nonlinear advection prob-
lem [34]
ut þ uux ¼ 0
subject to the boundary conditions u(0, t) = u(1, t) = 0.
Case 1: Consider the initial condition u(x, 0) = sinpx
Figs. 4 and 5 reveal the LWM solution for various time
steps and the LWM solution has been explored at t= 1 which
is shown in Fig. 6.
Case 2: Consider the initial condition u(x, 0) =
sinpx+ 0.5sin2px.
Figs. 7 and 8 show the LWM solution for various time steps
and at t= 1 respectively.7. Conclusion
In this paper, we have applied the Legendre wavelets based
approximation technique to solve a homogeneous and nonho-
mogeneous advection problem. The properties of the Legendre
wavelets have been used to reduce the given problem to a sys-
tem of algebraic equations. Also, the convergence analysis and
the error estimation for the proposed function approximation
have been demonstrated. The absolute errors proposed for the
various examples have been ensured on comparison with error
bound. Illustrative examples reveal the validity and applicabil-
ity of the technique and our method is very simple and conve-
nient to handle the partial differential equations.Acknowledgement
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